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Abstract.
We present several classes of solitons in (1 + 1)-dimensional models where the
standard canonical kinetic term is replaced by a Dirac-Born-Infeld (DBI) one. These
are static solutions with finite energy and different properties, namely, they can have
compact support, or be kink or lump-like, according to the type of potential chosen,
which depend on the DBI parameter β. Through a combination of numerical and
analytical arguments, by which the equation of motion is seen as that corresponding
to another canonical model with a new β-dependent potential and a β-deformed energy
density, we construct models in which increasing smoothly the DBI parameter both the
compacton radius, the thickness of the kink and the width of the lump get modified
until each soliton reaches its standard canonical shape as β → ∞. In addition we
present compacton solutions whose canonical counterparts are not compact.
PACS numbers: 03.50.-z, 05.45.Yv, 11.27.+d
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1. Introduction
Scalar fields play an important role in many areas of physics, including condensed matter
physics [1], high energy physics through the Yukawa [2] and Higgs [3] mechanisms, and
cosmology sourcing the dark energy needed to accelerate the Universe [4]. Within scalar
fields the class of them called solitons, namely, solutions of nondissipative field equations
with finite energy and fulfilling some stability criterium (see e.g. [5, 6] for some reviews),
are of special interest (note that solitons are also known to exist for gauge fields [7]). The
resemblance of some of the properties of these classical solutions with those of quantum
particles has raised much interest on the study of models supporting solitons, as in the
case of k-fields [8] or in models with non-smooth V-shaped potentials [9].
K-fields are field theories where the kinetic term is non-canonical so as to avoid the
constraints of Derrick’s theorem [10], which forbids the existence of soliton solutions in
a large class of field theories. Solitons in k-field models have been intensively studied
due to their applications in strong interaction physics [11], topological defects [12, 13]
and cosmology [14] with the result that their properties can be quite different from the
standard canonical ones. For example these solitons can have a compact support [15],
dubbed compactons.
Compactons are more satisfactory as classical realizations of quantum particles due
to the fact that they have no infinite wings: their energy does not spread everywhere
in space, instead it is concentrated in a finite region of space. As a consequence non-
overlapping multi compacton configurations do not interact at all. Indeed, their only
interaction arises when gravity is included. This has been applied in the context of
brane cosmology, where the compacton may act like a domain wall such that gravity
confinement emerges naturally [16] or in the dark matter context as compactons interact
gravitationally without emission of particle-type radiation [17].
Given the interest that solitons in k-field models have in several branches of
physics, the goal of this paper is to provide several classes of soliton solutions in
(1 + 1) dimensions, where the standard canonical kinetic term has been replaced by a
Dirac-Born-Infeld (DBI) k-field model [18]. DBI action was originally introduced as an
attempt to remove the divergence of electron’s self-energy in classical electrodynamics,
and arises in the low-energy limit of string/D-Brane physics [19]. In addition it has been
shown to support global string solutions [20] as well as skyrmions [21] and their higher-
dimensional counterparts, dubbed textures [22]. We show here that it also supports
other kinds of soliton solutions, namely, compactons, lumps and kinks, provided that
the potential term is chosen in an appropriate way. Such solutions are obtained taking
as the starting point known solitons that are supported by canonical actions, from
which the noncanonical DBI counterparts deviate smoothly as the DBI parameter (β)
evolves. Moreover, for any β the noncanonical equation of motion can be seen as that
corresponding to another canonical model with a new β-dependent potential but a
β-deformed energy density as compared to the DBI model, which allows to obtain
insights on the behaviour of the solutions in those cases where the equation of motion
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cannot be analytically integrated. When β → ∞, both the field, the potential of the
noncanonical DBI model, and the β-dependent potential boil down to the standard
canonical solutions.
This work is organized as follows: in Sec.2 we introduce the generic formalism for
k-field models and write the equation of motion for Bogomoln’yi-Prasad-Sommerfeld
(BPS) states for a DBI-type action. In Sec.3 we present compacton, lump and kink
solutions in which their radius or thickness are changed as compared to their canonical
counterparts, and in Sec.4 compact solutions whose canonical counterparts are not
compact. We conclude in Sec.5 with some final comments.
2. DBI k-field model
Let us begin by introducing the generic formalism for a k-field model in (1+1) dimensions
with a real scalar field φ. The action is given by
S =
∫
d2xL =
∫
d2x (F (X)− V (φ)) , (1)
where F (X) is the non-canonical kinetic term, with F some function of the canonical
Lagrangian X = 1
2
∂µφ∂
µφ, and V (φ) is the scalar potential. The equation of motion for
the action (1) is
∂µ(FX∂
µφ) + ∂V/∂φ = 0. (2)
where FX ≡ dFdX . The energy-momentum tensor
T µν = FX∂
µφ∂νφ− ηµνL, (3)
has, for static field configurations, the non-vanishing components
T 00 = ε = −L = −F (X) + V (φ) (4)
T 11 = − p = F (X)− 2XFX − V (φ), (5)
with ε and p the energy density and the pressure, respectively. Note that F (X) < 0
must be required in order to obtain a positive energy density, as a necessary condition
for the associated solutions to have full physical meaning.
The equation of motion (2) can be integrated to get F (X)−2XFX−V = −c, with
c an integrating constant which is identified to the pressure p in Eq.(5). From now on
we shall deal only with BPS states [23], which implies p = 0. This is also a necessary
condition for stability under Derrick’s scaling, as shown in Ref.[13]. Consequently, for
BPS states the equation of motion reads
V = F (X)− 2XFX . (6)
In this work we shall focus on the noncanonical kinetic term
F (X) = β2
[√
1 +
2X
β2
− 1
]
, (7)
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where β is a dimensionless parameter. This Lagrangian is the natural restriction, for
scalar fields, of the DBI Lagrangian [18], when the gauge invariant −1
2
FµνF
µν = ~E2 for
electrostatic spherically symmetric fields ( ~E = E(r)~r/|r|) is replaced by the scalar field
term X = −1
2
φ
′2. In the β → ∞ limit the nonlinear modification (7) reduces to the
canonical kinetic term, i.e., F ∼ X .
For BPS states, the equation of motion (6) for the DBI Lagrangian (7) becomes
φ′2
β2
= 1−
(
β2
β2 + V (φ)
)2
, (8)
which is a first order equation satisfying the second order equation of motion (2), as can
be easily checked.
The energy density in (4) is given by
ε =
φ′2√
1− φ′2
β2
. (9)
This can be seen as the energy density of a canonical system corrected by a factor
(1− φ′2
β2
)−1/2, which is similar to the relativistic mass formula for a point particle. As a
consequence, the kinks, lumps and compacton solutions supported by the noncanonical
DBI term (7) for different potentials, as introduced below, may be seen as solutions of
canonical models with the very same field distribution but where the energy density
profile is β-deformed, as we shall see at once. Thus they do not admit a twin-like
interpretation along the lines of [24]. Indeed, in principle, for any model with a non-
canonical kinetic term F (X) and a given potential Vnc(φ), the field equations (6) can
always be read as those corresponding to a canonical kinetic term X with a potential Vc,
and these two potentials are related through the equation Vnc = F (−Vc)+ 2VcFX(−Vc).
In addition this implies that there exists a family consisting of infinitely many members
of noncanonical models having the same BPS solutions of the field equations as those
of the DBI one. For the particular case we are considering here, this provides an useful
tool to understand the evolution of the properties of the solitons with β, which is
particularly helpful in those cases where analytical solutions cannot be obtained, since
such properties can be directly read off from the potential Vc, thus circumventing the
need to analytically solve the field equations.
Let us note that for the models considered here, as we shall see that the introduction
of nonlinearities in the kinetic term is also able to change the nature of the soliton
solutions as compared to their canonical counterparts (β →∞), from which the solution
deviates as the BI parameter evolves.
3. New soliton solutions
3.1. Compactons
In this section we look for compact soliton solutions, through the potential
V (φ) = β2
(
cosh
[√
|1− φ2|/β
]
− 1
)
, (10)
BPS solitons in a Dirac-Born-Infeld action 5
which is plotted for different values of β in Fig.1. For finite values of β the equation for
BPS states (8) becomes
φ′(x) = ±β tanh
(√
|1− φ2|/β
)
. (11)
This equation has no analytical solutions and thus it has to be solved numerically.
Before going that way let us note that we can interpret (11) as the equation of motion
for a scalar theory with a standard canonical kinetic term, so the associated equation of
motion becomes φ′ = ±√2VSC, where “SC” stands for “standard canonical”, and thus
a potential given by
VSC(φ) =
β2
2
tanh2
[√
|1− φ2|/β
]
, (12)
which is plotted in Fig.1 for several values of β. First we note that for β finite VSC(φ) has
a minima for |φ| = 1 while its maximum occurs at φ = 0. The height of this maximum,
i.e., the value of the potential at φ = 0, decreases when β decreases. We also note that
for β →∞ the potential of the standard canonical case, given by
VC(φ) =
1
2
|1− φ2|, (13)
is recovered both from the potentials of Eqs.(10) and (12). This brings that, on the one
hand, when φ goes from −1 up to +1 it interpolates between two different minima of
the potential and thus a topological defect arises. On the other hand, when β decreases,
recalling the arguments of [5], due to the decrease in the well of the potential, the
trajectory between the two vacua is traversed more slowly and therefore the thickness
of the defect gets larger, which in this case means a larger compact radius. These
analytical arguments are confirmed through the numerical plots of Fig.2, corresponding
to several values of β. The solutions are compact and the compacton radius decreases as
β increases. In the β →∞ limit the field converges smoothly to the standard compacton
solution given by
φ(x) =


1 x ≥ π/2
sin(x) |x| < π/2
−1 x ≤ −π/2
(14)
The energy density given in (9) is now written as
ε = β2 cosh
(√
|1− φ2|/β
)
tanh2
(√
|1− φ|2/β
)
, (15)
and is plotted in Fig.2 for several values of β. As β decreases ε spreads more in space
as compared to the β → ∞ (canonical) case, and at the same time the height of
the maximum decreases. This is in agreement with the behaviour of the “mass” term
(1− φ′ 2/β2)−1/2 which becomes larger when β decreases. The energy density is always
positive and finite, as expected. Consequently, for the potential (10) there is a family of
finite-energy compact solutions smoothly deviating from their canonical counterparts,
which are recovered in the limit β →∞.
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Figure 1. The potentials V (φ) and VSC(φ), given by Eqs.(10) and (12), respectively.
Starting from the standard canonical case, namely β → ∞ (dashed curve), which is
given by Eq.(13), the set of solid curves corresponds to values β = 2, 1, 3/4, 1/2 (solid
curves), and run from bottom to top in the case of V (φ), and from top to bottom for
VSC(φ).
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Figure 2. The profile for the scalar field φ(x) and the energy density ε(x) for the
compacton solutions of Eq.(11). Starting from the standard canonical case (β → ∞,
dashed curve), the set of solid curves, corresponding to β = 2, 1, 3/4, 1/2, smoothly
deviate from it as β decreases. Note that the compacton radius increases as β decreases,
while the height of the maximum of the energy density also decreases.
3.2. Lumps
We now proceed as in the previous section but now looking for lump-like solitons. We
take the potential
V (φ) = β2
(
cosh
[
|φ|
√
1− φ2/β
]
− 1
)
, (16)
which is plotted in Fig.3. Note that in the β → ∞ limit the standard lump potential,
given by
VL =
1
2
φ2
(
1− φ2) , (17)
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is recovered. In the present case the scalar field for the BPS states is the solution of the
equation
φ′(x) = ±β tanh
(
|φ|
√
1− φ2/β
)
. (18)
Choosing the sign +(−) in (18), it corresponds to the region where x goes from−∞(zero)
up to zero (+∞). The plots for φ(x) for several values of β are in Fig.4. As expected, in
the β → ∞ limit the solutions converge smoothly to the standard lump solution given
by
φ(x) = ±sech(x). (19)
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Figure 3. The potentials V (φ) and VSL(φ) given by Eqs.(16) and (20), respectively,
starting from the standard canonical case (17), (β →∞, dashed curve), and for several
values of β = 2, 1, 3/4, 1/2 (solid curves), running from bottom to top (left figure) and
from top to bottom (right figure).
As explained in the previous section these results can be predicted from the analysis
of the potential
VSL(φ) =
β2
2
tanh2
[
|φ|
√
1− φ2/β
]
, (20)
which is obtained from seeing Eq.(18) as the equation of motion for a canonical model.
This potential is plotted in Fig.3 for several values of β.
Now, note that VSL(φ) has a single minimum at φ = 0 for any value of β and a
maximum whose height decreases as β decreases. It also vanishes for φ = 0 and for
φ2 = 1 where is not a minimum. This brings that, as for the standard lump, φ evolves
from zero up to zero passing through φ = 1 “without stopping”, i.e., φ interpolates
between the same minimum of the potential and thus a non-topological defect forms.
Therefore if φ travels from its zero (maximum) to its maximum (zero) one has to choose
the +(−) sign in Eq.(18).
Also note that since the height of the maximum of VSL(φ) decreases when β
decreases, the lump must spread more in space as compared with the standard one.
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Figure 4. Profile φ(x) and energy density ε(x) for the lump solutions of Eq.(18).
Starting from the standard canonical case (β → ∞, dashed curve), the set of solid
curves smoothly deviate from it and corresponds to values β = 1, 1/2, 1/3, 1/4. Note
that, as β decreases, the lump spreads more in space, and the height of the maximum
of the energy density decreases.
These predictions based on the behaviour of the potential in (20) are confirmed through
the numerical plots of Fig.4.
The energy density is given by
ε = β2 cosh
(
|φ|
√
1− φ2/β
)
tanh2
(
|φ|
√
1− φ2β
)
, (21)
and is plotted in Fig.4 for several values of β. As β decreases the energy density also
spreads more in space while its maximum decreases. Therefore, for the potential in
(16) there are lump-like soliton solutions which smoothly deviate from their canonical
counterpart when β decreases.
3.3. Kinks
We now look for standard kink topological solitons (no compact support). We take the
potential
V (φ) = β2
(
cosh
[
1− φ2
β
]
− 1
)
, (22)
which is plotted in Fig.5 for several values of β. In the β → ∞ limit it recovers the
standard kink potential given by VK(φ) =
1
2
(1− φ2)2.
For β finite the equation of motion reads
φ′(x) = ±β tanh
(
1− φ2
β
)
, (23)
which again does not admit analytical solutions and thus we have to solve it numerically.
In Fig.6 we plot the behaviour of the kink profile as a function of β. We note that these
solutions smoothly deviate from their standard canonical counterpart φ(x) = tanh(x),
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giving rise to kink solutions which are more spread in space. The β-dependent
“canonical” potential to be analyzed is now
VSK(φ) =
β2
2
tanh2
[
1− φ2
β
]
, (24)
which is plotted in Fig.5 for several values of β. It has two minima at |φ| = 1 for any β
value and a maximum whose height decreases as β decreases. As a result φ interpolates
between the vacua of the potential and thus a topological kink defect forms. When
β decreases the kink travels more slowly between such vacua, which means that its
“thickness” increases, as confirmed directly in Fig.6. On the other hand, the energy
density is given by
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Figure 5. The potentials V (φ) in Eq.(22) and VSK(φ) in Eq.(24) for the kink solutions
of Eq.(23). The dashed curved corresponds to β → ∞ (standard canonical case) and
the solid curves correspond to β = 1, 1/2, 1/3, 1/4, running from bottom to top (left
figure) and from top to bottom (right figure)
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Figure 6. Profile φ(x) and energy density ε(x) for the kink solutions of Eq.(23). The
dashed curve is for the standard canonical case (β → ∞), and the set of solid curves
corresponds to β = 1, 1/2, 1/3, 1/4. Note that, as discussed in the text, the thickness
of the kink increases as β decreases.
ε = β2 cosh
(
1
β
(1− φ2)
)
tanh2
(
1
β
(1− φ2)
)
, (25)
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and is plotted in Fig.6, where it is shown that it is always positive for any β. As β
decreases the energy density becomes more spread in space while its maximum decreases.
Therefore our model with the potential in (22) supports kink-like soliton solutions which
smoothly deviate from their canonical counterpart as β decreases.
4. Compactons without compact canonical counterparts
Let us now consider two models where the effect of the DBI action is to change not only
the thickness of the standard soliton solution but also its nature. For the first model
take the potential
V (φ) = β2
[
−1 +
(
1− (1− φ2) 2β1+β /β2)−1/2] . (26)
The equation for BPS states (8) reads now
φ′ = ± (1− φ2) β1+β , (27)
and the respective energy density in (9) is given by
ε =
(
1− φ2) 2β1+β [1− (1− φ2) 2β1+β /β2]−1/2 . (28)
Let us note that in order to have a definite positive energy density at φ → 0 the β
parameter defining the model must satisfy β > 1. The solutions to (27) are analytical
and given, in implicit form, by
x = ±φ · 2F1
[
1
2
,
β
β + 1
,
3
2
, φ2
]
, (29)
where 2F1 is an hypergeometric function. These solutions are plotted in Fig.7 for several
values of β. They correspond to compact solitons whose shape is kink-like and whose
compacton radius can be exactly computed as
-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5
-1.0
-0.5
0.0
0.5
1.0
x
ΦHxL
Figure 7. The scalar field (29) for β = 2, 5, 10,∞ (dashed).
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R =
√
π
2
Γ
(
1
1+β
)
Γ
(
3+β
2+2β
) , (30)
where Γ is the Euler Gamma function. This radius grows almost linearly from 1 to ∞,
while the solution varies smoothly (see Fig. (7)) between the compact one (33) with
radius π/2 and the standard kink solution φ = tanh(x) which has no compact support
(R→∞ when β →∞ in Eq.(30)).
As the second model, let us consider the potential
V (φ) = β2
[(
1− (φ2 + 1
β
)(1− φ2)/β2
)−1/2
− 1
]
. (31)
The BPS solutions to the equation of motion
φ′ = ±
(
(φ2 +
1
β
)(1− φ2)
)1/2
, (32)
are analytic and given by (see Fig.8)
φ(x) =


JacSN
[
−Q+x√
β
,−β
]
; Q− A < x < Q
JacSN
[
Q−x√
β
,−β
]
; Q < x < Q+ A
(33)
where JacSN [u,m] is the Jacobi elliptic function. These solutions correspond to
compact solitons whose shape is lump-like centered at Q and whose radius is given
by
R =
√
βEllipticK [−β] , (34)
increasing as β decreases from β →∞, where R→∞, which means that the canonical
solutions are not compact. Without loss of generality we can take Q = 0 for which the
energy density in (9) is given by
ε =
(
1− φ2)( 1
β
+ φ2
)[
1− (1− φ2)( 1
β
+ φ2
)
/β2
]−1/2
, (35)
which is plotted in Fig.8 for several values of β. Again, for positive definiteness of the
energy density at φ→ 0, the constraint β > 1 must be satisfied.
5. Final comments
In this letter we have presented models including a DBI noncanonical kinetic term
and supporting (1 + 1)-dimensional static solitons of compacton, lump and kink type,
depending on the potential chosen. Through a combination of numerical and analytical
arguments using another canonical model with a new β-dependent potential and a β-
deformed energy density, we have shown that by varying β either the compacton radius,
the thickness of the kink, or the width of the lump are modified until each soliton
reaches its standard canonical counterpart shape in a smooth way. Moreover we have
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Figure 8. The scalar field (33) and the energy density (35) for several values
β = 1.1, 10, 100, as compared to the canonical system (β →∞, dashed).
constructed two families of compacton solutions whose canonical counterparts are not
compact. This implies that k-field models may provide modifications on the properties
and nature of the canonical soliton solutions. Since solitons are of direct interest to
several branches of physics, such as solid state physics, cosmology or strong-interaction
models, our study of DBI k-fields supporting such solution solutions may provide useful
tools for the analysis of some of these systems.
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